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2where G is Newton's constant,  is the density of matter, p its pressure and a dot denotes time dierentiation.





















































































and, in terms of the scaled variables y = R=R
0




































































plane is divided into dierent categories
of histories depending on whether a zero of the cubic occurs for y < 0, 0 < y < 1, or y > 1. These are,
respectively, those universes which continue to increase in size from y = 0, those which never achieve y = 0 and
those which start at y = 0, increase to a maximum size and then collapse. The boundaries of these regions can






. Also, at the

































is achieved by relating the apparent magnitudes
of m(z) of the type Ia supernovae and their absolute magnitudes M to their luminosity distance d
L
(z) as




(z)) + 25 ; (10)
where d
L






















































with c denoting the velocity of light. In Eq. (11), sin[ ] is used for 

k
> 0, sinh[ ] is used for 

k
< 0, and the



































































Our t [6] to the data presented in Ref. [2] is shown in Fig. 1. To avoid repetition, we restrict our ts to this data.














). This is easily done because the minimization






. The values of 
2
plotted (2.30,4.61,6.18)
would correspond to 67.3%, 90.0% and 95.5% condence contours if the errors were Gaussian. The contours are
not precisely elliptical indicating non-Gaussian behavior, and this is addressed in the detailed analysis of Refs. [1]
and [2]. Fortunately, our more naive analysis yields very similar 
2
contours, which we can use to assess the
quality of the ts resulting from dierent assumptions about the dark component.
For the most part, the t shown in Fig. 1 lies above the dashed line separating accelerating from non-
accelerating cosmologies. While the best t is not a at cosmology, the 
2







= 1 does not dramatically alter the quality of the t.
3. VARYING THE EQUATION OF STATE


































and determine the dark energy density 
X










































































plane between regions of
expanding universes and universes which eventually collapse or have no big bang are obtained by determining

















































can be found as a function of 

M
. When a = 1, Eq. (20) gives the familiar results for the case











































To gain some sense of what varying the value of a does to the quality of the ts, we performed a 
2
analysis
of the data in Ref. [2] for the case a =  2=3 and for the case where a is varied along with the other parameters
to obtain the best t. The results are shown in Figs. 2 and 3 and the best ts are given in Table II. These
examples show that the quality of the ts to the data of Ref. [2] for the cases considered { w =  1;  2=3 ; 0:73
{ is basically the same. Even when the value of w is allowed to vary, the minimum in 
2
is not lowered in any
signicant way. One may argue that values of w   2=3 are less preferred since, as suggested by Fig.2, their 
2
contours encroach into the region of cosmologies which have no big bang.









and all lead to ts with comparable 
2
. To determine how changing the functional dependence of 
X
on y aects
the quality of the ts, we examined equations of state of the form w =  by; b > 0. These equations of state lead











In order to make direct comparisons with the constant w cases, we t the data of Ref. [2] using b = 2=3 and
b = 1. These ts are shown in Figs. 4 and 5. The numerical details are given in Table III. Again, the 
2
of these
ts indicates that data are not too sensitive to the y-dependence of w. However, the location and size of the
contours suggest that the w =  y choice is the more desirable.
The lifetime of the universe depends on the choice of w and can be used to discriminate among various models.






plane for four dierent choices of w along with lines of constant lifetime. Generally,
the 
2
contours lie between 11.9 and 19.0 Gyr.
4. DARK ENERGY AS A VISCOUS FLUID
As an alternative to simply modifying the equation of state of the dark component, in this section we consider
the consequences of assuming the dark energy consists of a uid having a bulk viscosity . If a bulk viscosity






















5In view of Eq. (14), the expression for
_
R=R depends on the dark energy density 
X
in a nonlinear fashion, which
means that, unlike the case of the multiplicative equations considered previously, Eq. (26) is not separable. In
general, it must be solved numerically.
If we assume that the pressure p
X























































































since H is the quantity needed to determine the luminosity distance d
L


















































































(1 + z) : (33)




, which we can vary to obtain a t to the supernova data. We perform the integration in Eq. (32) numerically,
determining H(z
0
) using a four point Runge-Kutta algorithm and the boundary condition H(0) = 1 to rst solve
the dierential equation. Given d
L
(z), for the data point z
i
, we then minimize 
2
as in Eqs. (12) and (13). The
resulting 
2
contours are shown in Fig. 7 and the best ts are listed in Table IV. In Fig. 7, the lines corresponding
to various values of 

M
indicate the boundary of the region below which, for that 

M
, the dark energy density

X




















 0 ; (34)
which is analyzed by choosing value of 

M
, xing A, taking 

k
to be large and negative and solving Eq. (33) for
1  z  1000. If condition Eq. (34) is satised for all z, 

k
is increased and the process is repeated until, for a
suÆciently large value of 

k
, Eq. (34) is violated for some z. This determines a point (A;

k




and the region above this curve is not allowed.













is shown in Fig. 8. Here, unlike the cases of Secs. 2 and 3, the lifetime cannot be much less than 14 Gyr. The
lines of constant lifetime terminate on the dark black line in this gure and Fig. 7. For 

k
and A above this line,
the lifetime integral does not converge. In each of these gures, the dotted line separates the accelerating from
the non-accelerating cosmologies, with the region above the line corresponding to accelerating cosmologies. This









































  1) : (37)
Hence, accelerating cosmologies satisfy 

k
>  3A + 1.
When  and p are related by an equation of state of the form p = w , the cosmology evolves at constant































































Considering S as a function of y = R=R
0











































































































As with the luminosity distance above, we perform the integral in Eq. (45) numerically using a simple four-point
algorithm to determine u(y) for each integration point y from Eq. (46). The ratio of the present value of the
entropy density produced by the viscous medium to the entropy density of the microwave background is plotted
in Fig. 9. Clearly, a side eect of the viscosity being adequate to produce an accelerating cosmology is the
production of large amounts of entropy.
The question of whether the introduction of viscosity is compatible with the existence of mass density uctua-
tions which grow at large z (or small y) must also be checked. In the Newtonian limit, a mass density uctuation









Æ = 0 : (47)
Using Eqs. (14) and (29), the dierential equation Eq. (33), and assuming that 
M
/ (1 + z)
3
, the equation for



























Æ = 0 ; (48)
where the
0












This gives for large z
H
2
(z)  (1 + z)
3


















Æ = 0 ; (51)






































In general, x  1 because the condition that 
X




The curves of constant exponent x for several values of 

M
are shown in Fig. 10. The regions below the x = 1






When analyzed in terms of a universe consisting of matter and dark energy in the form of a cosmological
constant, the supernova data of Refs. [1, 2] favor an accelerating universe. The best ts in this case do not
correspond to a at cosmology, but a at solution is well within the likelihood contours with a 
2
relatively close
to the minimum value of 
2
. Our ability to reproduce the results of Refs. [2] is indicated in Table I.
As a means of assessing the sensitivity of the currently available supernova data to the form of the equation
of state p = w(y), we repeated the analysis using equations of state of the form [9]
w(y) =  a   by a; b > 0 : (54)
For b = 0 and a number of dierent values of a, with 0 < a < 1, we nd best ts with 
2
very nearly identical
to those obtained for a cosmological constant. This includes a determination of the best value of a by treating













and the at cosmology value of 

M
is somewhat smaller than the corresponding value obtain for a cosmological
constant. When a = 0 and b is varied, the quality of the ts in terms of 
2
is again virtually unchanged. The
case w =  y is very similar to w =  1 in all respects, as can be seen by comparing Figs. 1 and 5. This tendency
of the minimum value of 
2
to be the same as long as the equation of state describes a dark energy with negative
pressure is another indication that the precise form of w is ill determined by the current supernova data [10].
To examine whether the introduction of a negative pressure component by means of a multiplicative equation
of state was essential, we explored the notion that the dark energy is a uid with bulk viscosity. The bulk
viscosity provides a negative pressure and, again, a t to the supernova data gives a 
2
that is indistinguishable
from the cosmological constant case (compare Tables IV and I). We have shown that such a dark energy can




and density uctuations with the appropriate behavior. There remains a question of whether the use
of a simple linear bulk viscosity term  _y=y is valid throughout the range of y(t)'s probed by the supernova data.
There are known non-linear eects, usually associated with viscosity-driven ination models, which could modify
our results [11, 12]. We have not attempted to include them in this investigation. The model presented here is
dierent from those which suggest that viscosity eects associated with cold dark matter could be the source of
the observed acceleration [13, 14]. Viscosity eects have also been discussed in models with matter creation [15].
This approach to the inclusion of bulk viscosity is highly testable in the sense that future measurements could
rule it out. As mentioned above, the lifetime cannot be much less than 14 Gyr. Further, if the universe is at,
or nearly so, as seems likely, then we require 

M




reveals that the present supernova data rule out 

M
= 0:3 at the 90% level. On the other hand, improving the
supernova contours is unlikely to rule out this model, even for a at universe, as long as 

M
 0:1 is allowed.
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TABLE IV: Fits to the data of Ref. [2] for the case of a dark component consisting of an ideal uid with a bulk viscosity
 are shown.
FIG. 1: The 
2
contours for the t to the 54 supernovae analyzed in Ref. [2] are shown. The contours correspond to the 68.3%,
90% and 95.4% condence levels. The cross indicates the location of the minimum and the dot indicates the location of the minimum
assuming a at cosmology. The dashed line separates accelerating from non-accelerating cosmologies.
12
FIG. 2: The 
2
contours for the t to the 54 supernovae analyzed in Ref. [2], assuming a constant equation of state of the form
w =  2=3, are shown. The contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location of
the minimum and the dot indicates the location of the minimum assuming a at cosmology. The dashed line separates accelerating
from non-accelerating cosmologies.
FIG. 3: The 
2
contours for the best t to the 54 supernovae analyzed in Ref. [2], assuming a constant equation of state of the
form w =  a, are shown. The contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location
of the minimumand the dot indicates the location of the minimumassuming a at cosmology. The dashed line separates accelerating
from non-accelerating cosmologies.
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FIG. 4: The 
2
contours for the best t to the 54 supernovae analyzed in Ref. [2], assuming an equation of state of the form
w =  2y=3, are shown. The contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location of
the minimum and the dot indicates the location of the minimum assuming a at cosmology. The dashed line separates accelerating
from non-accelerating cosmologies.
FIG. 5: The 
2
contours for the best t to the 54 supernovae analyzed in Ref. [2], assuming an equation of state of the form
w =  y, are shown. The contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location of
the minimum and the dot indicates the location of the minimum assuming a at cosmology. The dashed line separates accelerating
from non-accelerating cosmologies.
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FIG. 6: The 
2
contours and (dashed) lines of constant lifetime are shown. Starting from the lower right and moving to the upper
left of each panel, the dashed green lines correspond to 8.0, 9.5, 11.9, 14.3 and 19.0 Gyr. In computing the lifetimes, we used H
0
=63
km/sec/Mpc. In the w =  2y=3 panel, the 19.0 Gyr line is not visible on the portion of the plane shown.
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FIG. 7: The 
2
contours for the best t to the 54 supernovae analyzed in Ref. [2], assuming a viscous medium, are shown. The
contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location of the minimum and the dot
indicates the location of the minimum assuming a at cosmology. The dashed lines are the boundaries of the region below which
for the given value of 

M
the dark energy density 
X
in positive. The region above the dotted line corresponds to accelerating
cosmologies.
FIG. 8: The 
2
contours for the best t to the 54 supernovae analyzed in Ref. [2], assuming a viscous medium, are shown. The
contours correspond to the 68.3%, 90% and 95.4% condence levels. The cross indicates the location of the minimum and the dot
indicates the location of the minimum assuming a at cosmology. The dashed lines are the lines of constant lifetime. The region
above the dotted line corresponds to accelerating cosmologies.
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FIG. 9: The ratio of the present entropy associated with the viscous medium to the present entropy of the microwave background is
plotted for the 
2
contours corresponding to the best t to the 54 supernovae analyzed in Ref. [2]. The cross indicates the location





FIG. 10: Curves of constant values of the exponent x which controls the growth of the matter density uctuations Æ, Æ = 1=(1+z)
x
,
are shown for several values of 

M
.
